
Notes for Programs

1 Introduction

This document describes the programs used in “Emerging Market Business Cycles: The

Cycle is the Trend.” The Matlab programs described below include:

1. solve uhlig.m: Solves the linear system.

2. calculate moments.m: Calculates key theoretical moments given a set of parame-

ters.

3. key moments.m: A function that takes a vector of parameters as inputs and gen-

erates ten moments as outputs.

Some notes on the linearization of the model is appended to this document. See the

paper or the appended notes for an explanation of the model and the corresponding notation.

2 Solution of the Linear System

The solution of the linear system is done by solve uhlig.m, which in turn calls Harald

Uhlig’s toolkit (available from www.wiwi.hu-berlin.de/wpol/html/toolkit.htm). We first solve

the linear system, and then extend the matrices to handle non-normalized variables. A

superscript “0” denotes the normalized problem. Define x0
t = (k̂t+1, b̂t+1)′ as our endogenous

state variables. Note the timing convention that (k̂t+1, b̂t+1) are chosen at time t. The

exogenous state variables are zt = (gt, zt)′, which follow

zt = NNzt−1 +

 εg
t

εz
t
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where

NN =

 ρg 0

0 ρz


and

E
(
(εg, εz)′(εg, εz)′

)
= Σ =

 σ2
g 0

0 σ2
z

 .

Our endogenous “jump” variables are: y0
t = (ĉt, lt, nt, ît, ŷt, qt, nxt)′. These are chosen

conditional on xt−1 and zt. The Uhlig toolkit solves for PP 0, QQ0, RR0, SS0 such that

x0
t = PP 0x0

t−1 + QQ0zt (1)

y0
t = RR0x0

t−1 + SS0zt (2)

After solving the normalized system, we extend the endogenous state space to include

Gt−1 and the endogenous choice variables to include the non-normalized levels of consump-

tion, investment and income: xt = (k̂t+1, b̂t+1, Gt) = (x0
t , Gt)′ and yt = (ĉt, lt, nt, ît, ŷt, qt, nxt, ct, it, yt)′

= (y0
t , ct, it, yt)′. The fact that Gt = Gt−1 + gt implies:

PP =

 PP 0 0(nPP0×1)

0(1×mPP0 ) 1

 (3)

and

QQ =

 QQ0

1 0

 , (4)

where mA and nA are the number of rows and columns, respectively, of any matrix A.

RR is extended according to the definition at = ât + Gt−1, for a = c, i, y:

RR =

 RR0 0(nRR0×1)

R̃R

 (5)

where rows corresponding to c, i, y of R̃R are [RR0(m, :), 1], where m denotes the respective

row of ĉt, ît, ŷt in RR0. Similarly for SS:

SS =

 SS0

S̃S

 , (6)

where S̃S = [SS0(m, :)], for m = ĉt, ît, ŷt.
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3 Calculating Theoretical Moments

The program calculate moments.m calculates the theoretical moments of the linearized

model. We follow Burnside (1999) fairly closely. The moments calculated are (where a tilde

denotes HP filtered variables):(
σ(ỹ), σ(∆y),

σ(̃i)
σ(ỹ)

,
σ(c̃)
σ(ỹ)

,
σ(ñx)
σ(ỹ)

, ρ(ỹt, ỹt−1), ρ(∆yt,∆yt−1), ρ(c̃, ỹ), ρ(̃i, ỹ), ρ(ñ, ỹ)
)′

.

Define st = (x0
t−1, zt) = (k̂t, b̂t, gt, zt)′ and

M =

 PP 0 QQ0

0 NN


so that

st = Mst−1 + εt

where εt = (0, 0, εg
t , ε

z
t )
′. Let Σ̃ = E(εε′) =

 0 0

0 Σ

.

Define F = (ĉ, n, î, nx, ŷ), and let H1 and H2 be the corresponding rows from RR and

SS so that

Ft = H1xt−1 + H2zt.

Let Γ0 ≡ E(ss′) denote the variance-covariance matrix of s:

Γ0 = MΓ0M
′ + Σ̃.

This can be solved as

vec(Γ0) = (I − (M ⊗M))−1 vec(Σ̃).

The kth autocovariance can be obtained by Γk = E(sts′t−k) = MkΓ0.

We now calculate the variance-covariance matrix of the first difference of our endogenous
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variables. Define

∆Ft ≡



ĉt − ĉt−1 + gt−1

nt − nt−1

ît − ît−1 + gt−1

nxt − nxt−1

ŷt − ŷt−1 + gt−1


=



ct − ct−1

nt − nt−1

it − it−1

nxt − nxt−1

yt − yt−1


.

Note that this is not simply the first difference of F , but adds gt−1 for c, i, and y. Next

define

s̄t =


x0

t−1 − x0
t−2 + Θ1zt−1

zt

zt−1

 ,

where

Θ1 ≡

 1 0

1 0

 .

That is, Θ1zt−1 =

 gt−1

gt−1

. This implies

s̄t =


I 0

0 I

0 0

 st +


−I Θ1

0 0

0 I

 st−1 (7)

= B0st + B1st−1 (8)

Defining Γ̄0 = E(s̄s̄′), we have

Γ̄0 = B0Γ0B′
0 + B0Γ1B′

1 + B1Γ′0B
′
0 + B1Γ0B′

1.

To compute the variance-covariance of ∆F , note that x0
t = PP 0x0

t−1 + QQ0zt implies

x0
t − x0

t−1 + Θ1zt = PP 0(x0
t−1 − x0

t−2) + QQ0(zt − zt−1) + Θ1zt (9)

= PP 0(x0
t−1 − x0

t−2 + Θ1zt−1)) + (QQ0 + Θ1)zt − (QQ0 + PP 0Θ1)zt−1

=
[
PP 0, QQ0 + Θ1,−(QQ0 + PP 0Θ1)

]
s̄t (10)

4



We can then write

s̄t+1 = M̄ s̄t + ε̄t+1,

where

M̄ =


PP 0, QQ0 + Θ1, −(QQ0 + PP 0Θ1)

0 NN 0

0 0 I


and

ε̄t+1 =


0

εg
t+1

εz
t+1

0

 .

We now define a matrix that pulls out gt−1 to add to ∆ĉt, ∆ît, and ∆ŷt:

Θf ≡



1 0

0 0

1 0

0 0

1 0


.

We have

∆Ft = Ft − Ft−1 + Θfzt−1 (11)

= H1(x0
t−1 − x0

t−2) + H2(zt − zt−1) + Θfzt−1 (12)

= H1(x0
t−1 − x0

t−2 + Θ1zt−1) + H2zt + (Θf −H1Θ1 −H2) zt−1

=
[

H1, H2, Θf −H1Θ1 −H2

]
s̄t

= H̄ s̄t (13)

Therefore, V ar0(∆F ) = E(∆F∆F ′) can be computed as

V ar(∆F ) = H̄Γ̄0H̄
′.
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The autocovariance of ∆F can be computed as

V ark(∆F ) ≡ E(∆F∆F ′
−k) = H̄E(s̄ts̄′t−k)H̄

′ (14)

= H̄Γ̄kH̄
′

= H̄M̄kΓ̄0H̄
′

4 HP Filtered Moments

The HP filtered series can be obtained from the original series using the two-sided filter:

FHP = B(L)F , where B(L) =
∑∞

j=−∞ bjL
j .1 When the HP parameter λ is set to 1600, the

coefficients bj are given by (following Burnside, who follows King and Rebelo) bj = b−j =

−(0.894j)(0.0561 cos(.112j) + 0.0558 sin(.112j)). For j = 0, b0 = 1− 0.0561 = 0.9439.

To obtain FHP , we start from the first-differenced series. Note that for any series

FHP = B(L)F = B(L)(1 − L)−1∆F . Define B̃(L) = B(L)(1 − L)−1. This implies that

(1− L)B̃(L) = B(L). We then have

(1− L)B̃(L) =
∑

j

b̃jL
j −

∑
j

b̃jL
j+1 (15)

=
∑

j

(b̃j − b̃j−1)Lj

Equating terms we have

b̃j − b̃j−1 = bj .

Or, b̃j =
∑j

s=−∞ bs. Therefore FHP =
∑∞

j=−∞ b̃j∆F . (In practice, we define b̃j =∑j
s=−2N bj for N = 500.)

1An alternative is to calculate the moments using the frequency domain. We found the computations

were faster in the time domain.
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To get the moments of FHP , we use

V ari(FHP ) = E(FHP
t FHP ′

t−i ) = E({B̃(L)∆F}{B̃(L)Li∆F ′})

=
∞∑

j=−∞

∞∑
j′=−∞

b̃j b̃j′E(Lj∆FLj′+i∆F ′)

=
∞∑

j=−∞

∞∑
j′=−∞

b̃j b̃j′V arj−j′−i(∆F )

Defining k = j′ + i− j and using V ar−k(∆F ) = V ark(∆F )′:

V ari(FHP ) =
∞∑

j=−∞

∞∑
k=−∞

b̃j b̃j−k−iV ark(∆F )′

= V ar0(∆F )
∞∑

j=−∞
b̃j b̃j−i +

∞∑
k=1

∞∑
j=−∞

(
b̃j b̃j+k−iV ark(∆F ) + b̃j b̃j−k−iV ark(∆F )′

)

Using V ari(∆F ) = H̄Γ̄kH̄
′, we have

V ari(FHP ) = H̄

Γ̄0

∞∑
j=−∞

b̃j b̃j−i +
∞∑

k=1

Γ̄k

∞∑
j=−∞

b̃j b̃j+k−i + Γ̄′k
∞∑

j=−∞
b̃j b̃j−k−i

 H̄ ′

To implement this in practice, we choose N = 500 and Mn = 100 and compute

V ari(FHP ) ≈ H̄(Γ̄0

N∑
j=−N+i

b̃j b̃j−i (16)

+
i∑

k=1

M̄kΓ̄0

N∑
j=−N+i−k

b̃j b̃j−i+k

+
i∑

k=1

Γ̄0M̄
k′

N∑
j=−N+i+k

b̃j b̃j−i−k

+
Mn∑

k=i+1

M̄kΓ̄0

N∑
j=−N−i+k

b̃j b̃j+i−k

+
Mn∑

k=i+1

Γ̄0M̄
k′

N∑
j=−N+i+k

b̃j b̃j−i−k)H̄ ′
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Log-linearization Notes

1 Problem

V = max

(
CγL1−γ

)1−σ

1− σ
+ βGγ(1−σ)EV (K ′, B′, Z ′, G′) (1)

subject to

C +GK ′ = Y (K,N, z,G) + (1− δ)K − φ

2

(
G
K ′

K
− µg

)2

K −B +GQB′ (2)

where

ln(Z ′) ≡ z′ = ρzz + εz (3)

ln(G′) ≡ g′ = (1− ρg) ln(µg) + ρgg + εg

and

Y = ZK1−α(GN)α (4)

Q−1 = 1 + r∗ + ψ
(
eB

′−B̄ − 1
)

(5)

2 First Order Conditions

γCγ(1−σ)−1L(1−γ)(1−σ)

(
Gφ

(
G
K ′

K
− µg

)
−G

)
= βGγ(1−σ)VK′ (6)

γCγ(1−σ)−1L(1−γ)(1−σ)GQ = −βGγ(1−σ)EVB′ (7)
C

L
=

γ

1− γ
YN (8)
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3 Envelope Conditions

VK′ = γC ′γ(1−σ)−1L′(1−γ)(1−σ)

(
YK′ + 1− δ +

φ

2

((
g′
K ′′

K ′

)2

− µ2
g

))
(9)

VB′ = −γC ′γ(1−σ)−1L′(1−γ)(1−σ) (10)

4 Steady State Relationships

Q̄ =
1

1 + r∗
= βµγ(1−σ)−1

g (11)

(1− α)
Ȳ

K̄
=

1
Q̄
− 1 + δ

C̄

Ȳ
= 1 + (1− δ − µg)

K̄

Ȳ
+ (µgQ̄− 1)

B̄

Ȳ

N̄ =
(

1 +
C̄

Ȳ

1− γ

αγ

)−1

K̄ =
(
µg
K̄

Ȳ

) 1
α

N̄

Ȳ =
Ȳ

K̄
K̄

C̄ =
C̄

Ȳ
Ȳ

X̄ = (µg − 1 + δ) K̄

n̄x =
Ȳ − C̄ − X̄

Ȳ
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5 Log-linearized Model

5.1 K ′ FOC:

γCγ(1−σ)−1L(1−γ)(1−σ)G

(
φ

(
G
K ′

K
− µg

)
+ 1
)

≈ (12)

γµgC̄
γ(1−σ)−1L̄(1−γ)(1−σ)

(
(γ(1− σ)− 1)ĉ+ (1− γ)(1− σ)l̂ + (1 + φµg)ĝ + φµg(k̂′ − k̂)

)

βGγ(1−σ)γC ′γ(1−σ)−1L′(1−γ)(1−σ)

(
YK′ + 1− δ +

φ

2

((
g′
K ′′

K ′

)2

− µ2
g

))
≈ (13)

γβµγ(1−σ)
g C̄γ(1−σ)−1L̄(1−γ)(1−σ) ∗

{(1− δ + (1− α)
Ȳ

K̄
)(γ(1− σ)ĝ + (γ(1− σ)− 1)ĉ′ + (1− γ)(1− σ)l̂′)

+ (1− α)
Ȳ

K̄
(ŷ′ − k̂′)

+ φµ2
g(ĝ′ + k̂′′ − k̂′)}

Equating (12) to the expectation of (13) and using βµγ(1−σ)−1
g =

(
1− δ + (1− α) Ȳ

K̄

)−1
:

0 = (γ(1− σ)− 1)Eĉ′ (14)

+ (1− γ)(1− σ)El̂′

+ βµγ(1−σ)+1
g φEĝ′

+ βµγ(1−σ)−1
g (1− α)

Ȳ

K̄
Eŷ′

+ βµγ(1−σ)+1
g φEk̂′′

−
(
βµγ(1−σ)−1

g

(
(1− α)

Ȳ

K̄
+ φµ2

g

)
+ φµg

)
k̂′

− (γ(1− σ)− 1)ĉ

− (1− γ)(1− σ)l̂

+ (γ(1− σ)− 1− φµg) ĝ

+ φµgk̂
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5.2 B′ FOC

γCγ(1−σ)−1L(1−γ)(1−σ)GQ ≈ (15)

γC̄γ(1−σ)−1L̄(1−γ)(1−σ)µgQ̄ ∗(
(γ(1− σ)− 1)ĉ+ (1− γ)(1− σ)l̂ + ĝ + q̂

)

βGγ(1−σ)γC ′γ(1−σ)−1L′(1−γ)(1−σ) ≈ (16)

βγµγ(1−σ)
g C̄(γ(1−σ)−1)L̄(1−γ)(1−σ) ∗(

γ(1− σ)ĝ + (γ(1− σ)− 1)ĉ′ + (1− γ)(1− σ)l̂′
)

Equating (15) to the expectation of (16) and using Q̄ = βµ
γ(1−σ)−1
g :

0 = (γ(1− σ)− 1)Eĉ′ (17)

+ (1− γ)(1− σ)El̂′

+ (γ(1− σ)− 1)ĝ (18)

− (γ(1− σ)− 1)ĉ

− (1− γ)(1− σ)l̂

− q̂

5.3 Labor-Leisure

C

L
=

γ

1− γ
α
Y

N
(19)

≈>

0 = ŷ − n̂− ĉ+ l̂

If γ = 1, then l̂ = 0.
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5.4 Budget Constraint

0 = Y +GQB′ −B −X − C (20)

≈ Ȳ ŷ + µgQ̄B̄(b̂′ + ĝ + q̂)− B̄b̂− X̄x̂− C̄ĉ

where investment X ≡ GK ′ − (1− δ)− φ
2

(
GK′

K − µg

)2
K. Or

X̄x̂ ≈ K̄
(
µgk̂′ − (1− δ)k̂ + µg ĝ

)
(21)

5.5 Technology

Y = ZK1−α(GN)α (22)

ŷ ≈ ẑ + (1− α)k̂ + α(ĝ + n̂)

5.6 Leisure = 1-Labor

L = 1−N (23)

L̄l̂ ≈ −N̄ n̂

Note that if γ = 1, then N̄ = 1 and L̄ = 0, and this reduces to n̂ = 0.

5.7 Interest Rate Function

Q−1 = 1 + r∗ + ψ
(
eB

′−B̄ − 1
)

(24)

q̂ ≈ −ψB̄Q̄b̂′
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5.8 Net Exports – Linearized

nx ≡ NX

Y
= 1− X

Y
− C

Y
(25)

∆nx ≈ (1− n̄x)ŷ − X̄

Ȳ
x̂− C̄

Ȳ
ĉ
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